Abstract. Let d be a square-free positive integer and l(d) be the period length of the simple continued fraction expansion of ω d , where 
In this paper, the simple continued fraction with period l is generally denoted by [a 0 , a 1 , . . . , a l ], and [x] means the greatest integer less than or equal to x. Let {F i } be the Fibonacci numbers determined by 
We are interested in whether the equality is possible. We got an affirmative answer and we have discovered real quadratic fields with m d = 0. Here m d is one of Yokoi's d-invariant, and it is defined by
We know that there exist only finitely many d satisfying both class number one and n d = 0 (i.e. m d = 0) (see [7, p. 188] ). So it is very important to investigate the case that m d = 0 (i.e. n d = 0). Now these results are stated as follows: Theorem 2. Let d be a positive square-free integer and l be a positive integer satisfying l ≥ 2. Assume that
, and l(d) = l hold. Moreover, we have
and
Theorem 3. Let d be a positive square-free integer and l be a positive integer satisfying that l ≥ 2 and l ≡ 1, 2, or 4 (mod 6). Assume that
Moreover, we have
Remark 1. Our aim is to show that, for any l, there exists d satisfying
The case that l = 6n+1 was treated in [4] , but our proof is simpler than theirs. Their aim is to consider Eisenstein's problem. 
is given by the following formula:
Proof is omitted (see proof of Lemma 1 in [3]).
Lemma 2. For a positive square-free integer d, denote by D the discriminant of Q( √ d). Then we have
Proof. In the case that d ≡ 1 (mod 4), since a 0 > √ d − 1 and q i ≥ F i for any integer i (≥ 1), from Lemma 1 we get
For t d and u d , in the case that d ≡ 1 (mod 4), we have
In the case that d ≡ 1 (mod 4), we get the results in the same way. We get the following lemma by straightforward calculations.
Lemma 3. For i ≥ 1,
Proof of Theorem 1
Proof of Theorem 1. We put α = (1 + √ 5)/2. First we shall show the lower bound of ε d . From Lemma 2, we know
is odd, we have, from Lemma 3,
This proves the odd case. In the case that l(d) (≥ 2) is even, we have
Next we shall show the lower bounds of t d and u d . From Lemma 2, we know
In the case that l(d) (≥ 3) is odd, we have In the case that l(d) (≥ 2) is even, we have
From Lemma 2 and Lemma 3, we can get the lower bound of u d in a similar way as in the proof of t d . Theorem has been completely proved.
From Theorem 1, we get the following corollary for the period l(d) and
Corollary. If there exist a positive integer M and a positive squarefree integer d such that d > 13 and
Proof. From the assumption, we have
Since it holds that
for any positive integer i, we get, from Theorem 1,
Remark 2. We describe the comparison between the lower bound in Theorem 1 and the two well-known lower bounds given in the introduction of this paper. From the proof of Corollary, our lower bound for d with odd
Moreover, if D > 13, then we have the following:
Hence, our lower bounds are sharper than theirs.
Proof of Theorems 2 and 3
Proof of Theorems 2 and 3. First we shall prove the first half of Theorem 3. Suppose that l ≡ 1, 2, or 4 (mod 6). Since it holds that
we have d ≡ 1 (mod 4). We put
Then we have
By a straightforward induction argument, we obtain that
Here, using
Since ω R > 0, it holds that 
